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Abstract—Using an ensemble of neural networks is an effective
means of quantifying the uncertainty of an output prediction.
However, the memory cost of storing a large ensemble of neural
networks quickly becomes prohibitive and limits their applica-
bility. This paper details a three-stage in-memory computing
circuit that performs analog-domain vector-matrix multiplication
between an input voltage vector and a rank-1 compressed weight
ensemble stored in the conductances of three Memristor arrays.
For wide layers (thousands of neurons) and large ensemble
sizes (hundreds to thousands of models), this circuit reduces
the required number of Memristors by between two and three
orders of magnitude relative to a non-compressed ensemble.
Similarly, compared to a single neural network, the increase in
the number of Memristors may be less than two-fold. We report
SPICE simulations of the circuit and observe that 75% of total
error does not deviate by more than 25% of the ideal value. A
statistical analysis of the circuit explains these observations and
offers insights regarding how the circuit may be improved.

I. INTRODUCTION

Safety-critical domains such as medical diagnosis and au-
tonomous navigation require accurate assessment of risk and
uncertainty. Deterministic neural networks are unable to prop-
erly express uncertainty in their predictions. They often deliver
incorrect and overconfident predictions upon encountering
inherently confusing or out-of-distribution data [1]. Predictive
uncertainty is also useful in many applications, for example,
when learning using small and noisy datasets or active learning
[2]. Uncertainty quantification in machine learning is often
achieved using an ensemble of neural networks [3]. Such
ensembles may be obtained by training several models [4],
by using Bayesian inference via variational methods [5] or
Markov Chain Monte Carlo (MCMC) [6], or even through a
combination these methods [7]. The downside of ensemble
methods however is twofold: their increased memory and
energy requirements relative to a single model. Instead of
storing one set of model parameters that are accessed once
per inference, it is necessary to store several different model
parameters, and access them all for each inference.

In order to reduce the energy cost of ensemble models,
implementations of analog-domain Bayesian neural networks
using crossbar arrays of Memristors have been proposed [8],
[9]. These in-memory implementations promise a significant
reduction in energy cost by avoiding the transfer of the
model parameters between separate memory and computation
units. The vector-matrix multiplication between data and the
parameters is achieved in-memory directly between a vector of
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voltages and the conductance states of the Memristors in the
crossbar. The memory cost of implementing ensemble models
with Memristors however still remains prohibitive.

One idea that has reduced the memory requirements
of digital implementations of neural network ensembles is
BatchEnsemble [10], a technique that uses rank-1 approxi-
mation to compress the parameter matrix. Remarkably, even
with a high compression rate, the performance of rank-1
compressed ensembles obtain an equivalent performance to
a non-compressed ensembles [10]. Rank-1 matrix compres-
sion requires the combination of vector-vector outer product,
matrix-matrix element-wise multiplication and vector-matrix
dot product operations. Memristor crossbar arrays however
only support the latter. In order to bring the benefits of
BatchEnsemble to in-memory computing, this paper presents a
new analog Memiristive circuit, which we refer to as the Mem-
ristor Hadamard Multiplier. By combining this new block with
a conventional Memristor crossbar in a three-stage pipeline,
we realise the two missing operations.

This paper is structured as follows: Section II explains
how the computations of rank-1 ensemble compression can be
written in a more convenient form. The terms of the resulting
expression are related to the physical currents, voltages and
resistances that make the link between the algorithm and the
hardware implementation. Section III introduces our novel in-
memory computing circuit that performs compressed vector-
matrix multiplication for a ensemble neural network layer.
Section IV reports Monte Carlo SPICE simulations of the
circuit in a CMOS technology to study the impact of process
variation on the precision of the circuit. We explain the
empirical results with a statistical analysis that offers important
insights as to how the circuit may be improved.

II. IMPLEMENTING COMPRESSED RANK-1
MULTIPLICATION IN-MEMORY

This section presents the concept of rank-1 matrix compres-
sion, and how it is leveraged in BatchEnsemble [10] to reduce
the memory requirements of ensemble neural networks. We
then establish a link between the terms of the algorithm and
a hardware implementation with physical devices.

A. Concepts

In the following, bold lowercase letters are reserved for
vectors. Uppercase bold letters represent matrices. Lowercase
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Fig. 1.

Computation of BatchEnsemble [10]. s: component of shared matrix, h and t: component of horizontal and tall vectors of rank 1 compression. (th):

components of rank-1 outer product matrix. x: component of input vector. y: component of output vector. The ensemble size is denoted by e. The illustration

contains only 3 examples to avoid cluttering.
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Fig. 2. Ratio of the Memristor count for a rank-1 compressed ensemble com-
pared to full ensemble (blue, left y-axis) and ratio of number of Memristors
of a compressed model to a single model (green, right y-axis) over a range of
layer sizes. Blue and green arrows indicate to which axis the blue and green

curves belong. Three sets of curves are plotted for ensembles sizes, e, of 16
(dot), 256 (cross) and 1024 (plus sign).

letters are used for scalar component of corresponding matrix
or vector. The notation ’ refers to the transpose of a vector
or matrix, and vectors are in column format by default. The
ensemble size (i.e. the number of neural network parameter
matrices) is denoted by e. The core concept of rank-1 matrix
compression is depicted in Figure 1. Instead of storing e
full size parameter matrices, we only store a single full
size matrix and e pairs of vectors. For each model in this
ensemble, indexed by the superscript ¢, a rank-1 compressed
parameter matrix W) ¢ R™*™ is formed by the outer
product between a tall vector t(¥) = [t(’), oty )]’ € R™ and
a horizontal vector h()" = [hgi), e h,ﬁ)] € R™, followed by
an element-wise multiplication with a matrix S € R™*™, that
is shared between all vector pairs. The corresponding output
vector y(¥) € R™ for the input data vector x € R™ is then
defined as

Vi, yO =W . x=(tPen?)eos) x, (1)

where ® is the vector-vector outer product, ® is an element-
wise multiplication and - is vector-matrix product. The distri-
bution of y(?) can be used to calculate the uncertainties related
to a prediction made regarding input x [11].

B. Analog hardware implementation

First, rank-1 approximation (Equation 1) can be recast as
(see full derivation in Appendix Section A):

y? =[P oh®) o8] x=[S- (xohD)]ot? (2

which allows the calculation to be broken down into three
distinct steps. For the i" weight matrix in the ensemble, the
first step calculates the first intermediate vectors a(?):

a) =xoh®, (3)

The input data x is represented as a vector of currents that
is applied to a vector of Memristors whose resistance values
are programmed to match vector h(). Due to Ohm’s law, the
voltage drops across the Memristors will provide the interme-
diate vector a(®. It is worth noting that this multiplication is
achieved between currents and resistances, and not voltages
and conductances as is typical for Memristor crossbar arrays.

The second step leverages the standard Memristor crossbar
array architecture in order to calculate the second intermediate
vector b(¥):

b® =§.a® =§. (x®h®). )

By applying the voltages a(® from the previous step over
the columns of a crossbar, where the Memristor resistances are
programmed with the values S, the current output at the rows
of the crossbar will be equal to b(Y), Note that the values in
matrix S are in fact the inverse resistances of each Memristor
(i.e., the conductance) where each entry 5; ; = 1 / 84,53 Vi, J

The final step to compute the output voltage vector y(*) is
in fact identical to the first:

v —b® o t® = [§. (x © h®)] o t©), )

The current vector b(*) from the second step is injected into
Memristors whose resistance values are programmed equal to
vector t(9), resulting in the desired output voltage drop y (.
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Fig. 3. Summary of analog memristor circuit for BatchEnsemble. Input and output for each block are color-coded to help with visualization. Multiplier A
ingests input data as current Ix, and produces voltage Va as output. These voltages are chained to Crossbar B as input, which in turn produces current Ib as
output. These currents are injected as input to Multiplier C, which produces the final result as voltages Vy. The voltage selector lines (V1!, ..., V1¢) are the

same throughout the whole circuit.

Assuming one Memristor is used to encode each value of
the e vector pairs t(9) and h® and the matrix S, Figure 2
examines the reduction in the number of Memristors used in
the rank-1 compressed ensemble relative to an uncompressed
ensemble. For ensembles composed of hundreds or thousands
of members, the reduction in the number of Memristors is
between two and three orders of magnitude relative to an
uncompressed ensemble. Besides reducing the surface required
to store a model, this method will also reduce the energy
consumption by performing less read operations. On a second
y-axis on the right, the increase in the number of Memristors
relative to a single neural network is also shown. In particular
for wide layers, similar in size to those typically used in
Transformers, the increase in the total number of Memristors
when increasing the ensemble size is minimal. For example,
a layer of 2048 neurons and an ensemble size of e = 1024
only doubles the number of Memristors compared to a single
neural network.

III. IN-MEMORY RANK-1 MULTIPLICATION CIRCUIT

This section presents the novel Memristor Hadamard Mul-
tiplier circuit, and shows how it may be interfaced with the
input and output of a Memristor crossbar in order to realise
the three steps described in the previous section. The three
steps are summarised as three functional blocks (A, B and
C) depicted in Figure 3, in which we refer to the new circuit
block as Multiplier for brevity.

In the following circuit diagrams, a prefix is added to
the algorithmic values to denote an electrical quantity. For
example, Ix; denotes the first component of input vector
x encoded as a current. Va,, is the voltage output by the
m*" component of Multiplier A. The superscript * is used
to denote an approximate analog copy of the original signal.
For instance, [x] is the mirrored current of Iz, and Va}, is
the voltage output by an OPAMP voltage follower with input
Va.,. The input and output to each block are colored with the

same code to help with visualization in Figure 3, Figure 4,
Figure 5 and in Figure 6.
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Fig. 4. Multiplier A with input current Ix colored in blue. Output voltage
Va is colored in violet. Va run through all transistor sources in a column.
Activating a selector voltage line V1 among will direct the input current to
the corresponding row. V1 runs through all transistor gates in a row. There
are e rows and m columns in this array.

Figure 4 depicts Multiplier A. Each row of resistor values
within this circuit represent a vector h(®. There are e rows,
corresponding to the ensemble size. The size of each vector in
the row is the layer input dimension, m. Selector transistors
in the i*" row are opened by setting high the voltage on the
selector line V1),

When a row is selected for reading, m input currents are
injected by m NMOS current mirrors located at the bottom of
the m columns of the Memristor array. The mirrored currents,
Iz}, flow through each of the programmed resistances h;l)
incurring a voltage drop over each of the Memristors. If



we consider the contribution of the selector transistors to
be negligible, the voltages measured at the source of the
transistors, Va; = Viop — I ;vjhgl).
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Fig. 5. Crossbar B with voltage followers Ap,: and buffers A¢op. The
buffers maintain the voltage at Vtop, while mirroring the summing current
flowing through each row of the crossbar. The voltage followers regulate the
voltage at Va, and act as current sinks. Output voltages from previous stage
Multiplier A, colored in violet, serve as input to the voltage followers. The
resulting mirrored currents Ib are colored in green. The transistors have not
been labelled to simplify the schematic, they serve as selector devices when
programming the array.

These voltages are then buffered at the base of each of the
m columns in the Memristor crossbar B, depicted in Figure 5
via m OPAMPs, denoted by Ayp,:. The same reference voltage
as in the first stage, Vtop, is imposed at the end of the n rows
of the crossbar using n OPAMPs, denoted A;,,. The resulting
voltage differences over each device in the crossbar will cause
a current Ib to flow in each of the crossbar rows equal to
S. (Vtop* — Va*). These currents are then copied using n
current mirrors, resulting in the output Ib*.

These currents are then injected into Multiplier C, the third
and final stage shown in Figure 6. This block is very similar
to the first circuit in Figure 4, except that the currents are
sourced from the PMOS transistors (those at the output of
the second stage), and the output voltages are read out from
the top terminal of the Memristor instead of the source of
the transistor. The selector signals VI are the same as those
applied to the first block. The resulting vector of n voltages,
Vy, will be equal to Ib*t(*), thereby computing the output for
the ¥ parameter matrix of the ensemble. In order to compute
the full distribution of e outputs, it is simply required to hold
the input currents at Iz as the V1) signals are sequentially
activated from i = 1 to ¢ = e.

Note that a crossbar implementing a single model also re-
quires voltage regulation on the columns and rows. Therefore,
the total number of OPAMPs required in our circuit is the same
as for a single model. In contrast, relative to non-compressed
Memristor-based ensemble circuits, the number of OPAMPs
will be reduced by a factor equal to the ensemble size, e.
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Fig. 6. Multiplier C with input currents Ib colored in green and final output
voltages Vy colored in orange. The selector lines V1 are the same signals
as in Figure 4. Activating one selector voltage will direct the current to the
corresponding line. We can retrieve the final result vector by reading voltages
Vy.

IV. CIRCUIT SIMULATION AND ANALYSIS

To assess the feasibility of the presented circuit, we per-
formed Monte Carlo simulations using a SPICE model. Over
multiple simulation runs, the parameters of the circuit transis-
tors are sampled from the process variation distributions of a
130nm CMOS technology. We use two transistor types from
this technology, one with a nominal voltage of 1.2V and a
second transistor with a thicker gate oxide that has a nominal
voltage of 1.8V. As is often the case in Memristor-based in-
memory computing circuits, we use the 1.8V rated transistor
as the selector transistor for the Memristors.

A. Experimental Setup

We perform thirty-two Monte Carlo runs for an instance
of the circuit where m = n = e = 16, ie. all three
blocks are composed of 16 x 16 matrices. The input currents
and device resistances are randomly sampled and then kept
constant over all Monte Carlo runs. The input currents were
sampled from a Uniform distribution between 50nA and 150
nA. The resistances in each of the three stages were sampled
from a Uniform distribution between 500k{2 and 1.5MSQ.
These current and resistance ranges were designed to keep
the voltage drop over each Memristor around a few hundred
mV, beyond which point many Memristors may undergo unin-
tended programming. This resistance range could, for example,
be achieved by emerging spintronic Memristors [12], although
the circuit is agnostic to a specific Memristor technology. In
order to keep the resistance ranges homogeneous across the
three layers, it was required to scale the currents output by
Crossbar B down by a factor of ten. This is achieved simply by
setting the transistor width ratio to ten for the current mirrors
at the output of Figure 5.

We use an ideal OPAMP circuit model with a gain of 100
and cascoded current mirrors in order to minimise the current
copying error. The pulse width of the VI selector lines was
set to 3us with a rise and fall time of 1us, resulting in a total
period of Sus to compute the output of one ensemble member.
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Fig. 7. After activating a voltage selector line, we can read out the output
voltage signal corresponding to the selected model sample. Note the voltage
of the selector line is 1.8V because because this is the nominal voltage of the
selector transistors. Top: 16 selector voltage lines V1 (4) as consecutive single

pulse signal. Bottom: first component of output vector Vygi).

B. Circuit Validation

First, in order to demonstrate the basic functionality of the
circuit, we plot the voltages output at the node Vygz) during a
single Monte Carlo run in Figure 7. We iterate over the sixteen
rank-1 compressed parameter matrices of the ensemble, from
i = 1 to ¢ = 16. This is achieved by setting the different
V1 selector lines high in consecutive pulses (the top panel
of Figure 7) while maintaining the same input current at
Multiplier A. Due to the different resistances values of each
ensemble member, it can be observed that the voltage output
by the circuit varies on each period. For a neural network
ensemble, these different output voltages might represent a
predictive distribution from which an uncertainty estimate
could be obtained.

Error

Vtop* - Va* Ib
Node

Fig. 8. Error as ratio of (observed / target) value for essential nodes. The
middle line of each box plot is the median. Each box in either direction halves
the tail area. For example, 1st box above median is 0.5 + 0.25 = 0.75 quantile,
1st box below median is 0.25 quantile. 2nd box above median is 0.75 + 0.125
= 0.875 quantile, 2nd box below median is 0.125 quantile, etc. (see [13])

Figure 8 plots the error ratios (i.e. the observed voltage
or current values divided by the values expected in an ideal
circuit) for five important circuit nodes over all Monte Carlo
runs using box-plots. Each box plot is a double marginaliza-
tion: over all thirty-two Monte Carlo simulation runs, and over

the sixteen columns of the two multipliers or the sixteen rows
of the crossbar.

For the first node Ix* (i.e. the mirrored input current),
three quarters of the current mirror error is within the +25%
error range. In extreme cases this can extend up to 70%,
indicating that, even with the cascoding, the input current
mirror introduces a large error early in the calculation. The
second node reported in the plot is the voltage difference
(Vitop* — Va*) applied in the crossbar array. Reassuringly,
the variance of the error distribution barely increases from the
first node Ix*. This observation stems from the fact that the
amplifiers that impose Vtop and Va both have a consistent
negative absolute error with low variance (between four and
five millivolts) (see Figure 13 and Figure 14 in Appendix
Section C). Since Va* is subtracted from Vtop the combined
error is generally around one millivolt and, as the voltage
drop is typically on the order of a hundred millivolts, the
additional error is negligible. Intriguingly, the error variance
reduces dramatically between the node (Vtop* — Va*) and
the node Ib, of Crossbar B. We will investigate this surprising
result in detail in Section IV-C.

Consistent with the input current mirror in the first stage,
the current copy of Ib to Ib* (Figure 5) once again increases
the spread of errors in the fourth box-plot. Note that a small
negative bias is introduced at this stage due to the imperfect
scaling of the current mirror at the output of Crossbar B. The
final box-plot in Figure 8 shows the distribution of error at
the output of the circuit, Vy. Since this stage involves only
a multiplication by the resistances encoding the vector t, it
remains largely the identical to the error of Ib*.

C. Analysis of error variance reduction

This section applies statistics to analyse the intriguing
reduction in error variance observed in Figure 8 between the
input (Vtop* — Va*) and output nodes of the second stage,
Ib. The starting point of our analysis is to rewrite Equation 4
in scalar form, where each term is considered to be a random
variable. As a reminder, m is the dimension of the horizontal
vector h(¥) of the parameter matrix at index 7. The superscript
i is hereafter omitted to simplify notation. The k' column
voltage that is output by Multiplier A after the analog copy is
considered to be a random variable with a known expectation
Elay] and variance V[ay]. The errors in each column are
assumed to be independent of each other (verified empirically
from Figure 9 in Appendix Section C). Although the resistance
values were fixed over all Monte Carlo simulations, in reality
Memristor programming is subject to significant variability in
the resistance value [9]. Thus we find it informative to also
consider s; j to be a random variable that is independent with
respect to ay.

For row j of the Crossbar b;, the expectation E[b;] of the
current sum may therefore be expressed as:



Zsjk_ak :ZE kak :ZE
k=1

k=1 k=1
(6)

The first equality in Equation 6 is simply a substitution of
the definition for the term b;. The second equality stems from
linearity of expectation, where the expectation of a sum is cast
as a sum of expectations. For the last equality, since the two
random variables are independent, the expectation of a product
is equal to the product of expectations.

Because we have observed that E[ax] is centered on the
ideal value (verified empirically in Figure 9 in Appendix
Section C) and E[s;,i] is also centered on its true value [8],
we deduce that b; should in turn be centered on its true value.
This corresponds to what is observed in Figure 8 in the third
box-plot, where output current does not appear to be biased.

We continue by analysing the quantity in which we are most
interested: the variance V'[b;]. This variance can be expressed
as:

)
The first equality is simply a substitution for the definition
of b;. The second equality comes from independence of
two random variables, which allows the variance of a sum
to be written as the sum of variances. The last equality is
an application of Appendix Section B, which describes how
variances of a product of random variables may be expanded.

We observe that, for each row of Crossbar B, the variance
of b; is a sum of three products composed of four distinct
terms, each with their own physical implication. The variance
V[b;] can be reduced by reducing each constituent. First,
we may reduce V[s;,i] by having a more precise memristor
programming, for example with a higher precision of digital to
analog conversion. Similarly, reducing V[ay] requires design-
ing voltage and current copy circuits with less error. Third,
using a higher Memristor resistance magnitude will shrink the
term E[s k] Finally, a smaller voltage drop over the devices
can also reduce the total variance by decreasing F|az]?.

In our Monte Carlo simulations we implicitly consider the
Memristor resistances that are sampled at the beginning of the
simulation to be exact, such that s, is deterministic. In this
case, Vs, k] =0 and Efs; 2= 85 ,3, such that only one term
in Equatlon 7 remains:

= Z s, 7V [ax]. (8)
k=1

It is clear that the variance at the output of the second stage
is simply the variance incurred in the first stage divided by the
square of the Memristor resistance values. In our simulations,

sj 1 are on the order of a Mega Ohm (0.5 - 1.5 MQ). This
highlights the important of using technologies that can support
large resistance ranges in the second stage. Hence, a division
by si . significantly shrinks the variance Va], as indeed
observed in Figure 8. Note that, as the array size m grows, the
error variance increases because of the sum of m non-negative
terms in Equation 7.

D. Analysis of the output error

We now apply the same analysis to the output of the
third stage, Vy, in order to understand the main contributing
factors of the final error in the whole circuit. The input to the
final block is a current corresponding to bj. It was observed
empirically that b} is mirrored with an offset ;. This offset is
also a random variable due to process variation, and is assumed
to be independent from other offsets and from the incoming
currents b;. Therefore, the expectation and variance of this
copied current can be computed as:

bs = b; + f;, 9)
E[b}] = Elbj] + E[B;], (10)
V[bi] = V[b;] + V5] (11)

This result can then be used to determine the expressions
for the expectation and variance of y;:

Y = b;tj (12)

Ely;] = E[bjt;] = E[b;]E[t;]  (13)

Vliy;] = VIbjt;] (14)

= V[piIVI[t;] + EB1PV[E] + Vb1 Elt;) (15)

The negative offset in the 2 final box-plots of Figure 8
comes from the fact the expectation E[b}] is biased by the
expectation E[3;].

The result for the variance is very similar to that of the
previous section: a sum of three products and four unique
constituents. In order to reduce the spread of errors there-
fore, it is required to minimise V[t;] with a more precise
Memristor programming procedure. Conversely to Crossbar
B, it is preferable to decrease the range of resistance values in
Multiplier C in order to reduce E[t;]. Limiting the mirrored
current flowing out of Crossbar B also increases the precision
by reducing E[b}]. Finally, the implication of the term V'[b%]
is twofold. The variance in the estimation of b; in the first
two stages of the pipeline should be reduced. Strategies for
this were outlined in the previous section. A second factor is
the error introduced by the current mirror. From the empirical
observations in Figure 8, the latter is most certainly responsible
for the large increase in the error variance between the third
stage Ib and fourth stage Ib* of the pipeline.



V. CONCLUSION

We have presented a novel three-stage in-memory comput-
ing circuit capable of massively reducing the memory require-
ments of Memristor-based ensemble models (i.e. Memristor-
based Bayesian neural networks) by using rank-1 compression.
This improves the feasibility of executing ensemble neural
networks on Memristive hardware for the purposes of quan-
tifying the uncertainty related to predictions made by the
model. It was observed how the number of Memristors for
ensembles comprising thousands of models, and with big layer
sizes common in models like Transformers, was only doubled
relative to a single neural network using our method.

Monte Carlo SPICE simulations of the circuit were pre-
sented in order to study the impact of process variation on
the analog-domain computation. A statistical analysis was
performed in order to explain empirical observations from
these simulations, in particular to understand an intriguing
reduction in the error variance at the output of the second
stage of the circuit. This analysis highlighted ways in which
the precision of the circuit could be improved. For example,
it was understood that the total error variance could be
reduced by combining lower resistance values in the first
and third stages, with higher resistance values in the second
stage. Furthermore, the current mirrors were understood to
be a particularly important source of error variance, as well
introducing a slight bias into the calculation. The circuit
requires two sets of current mirrors (at the input to the first
stage, and at the output of the second stage) and therefore
improving their design will be crucial to increase the precision
of the circuit. An important next step will be to tape-out a
test circuit that will allow realistic quantification of power-
consumption, area and latency. One source of error that was
not considered in the Monte Carlo simulations was the inherent
variability of the programmed Memristor resistances. The
statistical analysis highlighted that this variability will reduce
the circuit precision. An appealing recent solution for this
is to exploit this variability by applying Memristor-based in-
memory computing circuits within the framework of Bayesian
inference instead [14], [9], [15], [16]. From this perspective,
Memristor programming error becomes an integral part of
the calculation instead of an error source. Furthermore, an
ambitious goal would be to implement a compressed Bayesian
on-chip learning algorithm [8], [17] on our circuit. By doing
so, not only does processes variation error become an in-built
characteristic of the model, but new application domains based
on adaptation in uncertain and evolving environments may be
opened up.

WEBSITE

Additional content may be published on this web page:
https://phanav.github.io/posts/hardware/memristor_hadamard_
multiplier.html
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APPENDIX A
RANK-1 CALCULATION

This appendix presents the detail of Rank 1 calculation
using the following symbols:

® is the outer product and ® is the element-wise multipli-
cation, - is matrix-vector product. ’ refers to the transpose of
a vector or matrix. Vectors are in column format by default.
i: index of the selected model sample in the ensemble. y(¥):
prediction vector. t(¥): tall vector. h()": horizontal vector. S:
shared matrix. x: input vector.

vy =W . x = [t eh®) o8] x

tgi) , ' S1,1 S1,d T
=[] |®[n" e
tS) 84,1 Sd,d Zq

tgi)hgi)sl,lxl + ...+ tgi)hg)slﬁdxd

tfii)hgi)sd,lxl + ...+ tfiz) h&i)sd’dl'd
slylxlhgi) + ...+ sLda:dhg) t(ll)
= ' . ® -
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APPENDIX B
VARIANCE OF PRODUCT OF RANDOM VARIABLES

With independent random variables X and Y:

V[XY] = E[X?Y?] - E[XY]?
= E[X?|E[Y?] - E[X]?E[Y]?
= (VIX] + BIXP)(VIY] + E[Y]*) - E[X]*E[Y]*

=VI[X|V]Y]+ EX]*V[Y] + E[Y*V[X]

APPENDIX C
ADDITIONAL EXPERIMENT RESULT

Below are the simulation result of some essential nodes in
the circuit for the first selected model parameter sample (Only
V1Y is high, VI2, ..., VIS are all low).
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Fig. 9. Error as ratio of (observed / target) value of reproduced voltage
difference between Vtop™ and Va* for the first selected model sample. The
16 columns of multiplier a are on the horizontal axis. For each column, the
box plot represents the variance between 32 Monte Carlo runs.
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Fig. 10. Error as ratio of (observed / target) value of summing current from
each row of crossbar b for the first selected model sample. The 16 rows are
on the horizontal axis. For each row, the box plot represents the variance
between 32 Monte Carlo runs.
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Fig. 11. Error as ratio of (observed / target) value of mirrored summing
current from each row of crossbar b for the first selected model sample. The
16 rows are on the horizontal axis. For each row, the box plot represents the
variance between 32 Monte Carlo runs.
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